Quasiparticle self-consistent GW calculations of the band structures and related effective mass parameters are carried out for bulk, monolayer and bilayer MoS2. Including excitonic effects within the Mott-Wannier theory, quantitative agreement is obtained between the A, B excitons, measured by absorption (Phys. Rev. Lett. 105,136805 (2010) ), and the calculated exciton gap energies at K. The A-B splitting arises from the valence band splitting which in the monolayer is entirely due to spin-orbit coupling and leads to spin-split states, while in the bilayer it is a combined effect of interlayer and spin-orbit coupling.
I. INTRODUCTION
Bulk 2H-MoS 2 is well known to be an indirect gap semiconductor with a 1.29 eV gap 1 . It has a layered structure with van der Waals interaction between the layers. However, this material has gained a lot of interest after it became possible to prepare it in monolayer and fewlayer form, by a similar exfoliation technique as applied to graphene 2,3 . The monolayer MoS 2 has recently been used to build transistors with a very promising mobility 4 . Moreover, their optical properties are also attractive. A very strong photoluminescence peak at 1.9 eV is observed in the monolayer and proposed to be a direct transition. Although a lot weaker than PL from the monolayer, bilayer and few-layer films also show the so called A and B exciton peaks as reported in Ref. 5 . Here we report a study of the electronic structure for bulk, monolayer, and bilayer MoS 2 and the excitonic effect which plays an important role in monolayer and bilayer MoS 2 , in order to understand their optical properties.
II. COMPUTATIONAL METHODS
The experimental lattice constants have been used, but the atomic positions in the lattice were obtained by minimizing the total energy using the full-potential linearized muffin-tin orbital method 6 (FP-LMTO) within the local density approximation 7,8 (LDA) calculation. The von Barth-Hedin exchange correlation functional is used. 9 We use the quasiparticle self-consistent GW method [10] [11] [12] (QSGW) which has been proven to be very accurate and better than single-shot GW or G 0 W 0 in obtaining the band structures. 10 Here G stands for the one-electron Green's function and W for the screened Coulomb interaction and their product defines the quasiparticle selfenergy corrections.
In both monolayer and bilayer, the separations between layers from the closest supercell are set to be 19Å. We have tested that increasing these separations would not effect the band structure. In the LDA calculations k-point meshes of 14 × 14 × 7, 14 × 14 × 3, and 14 × 14 × 7 have been used in monolayer, bilayer, and bulk, respectively. The uniform mesh density along the x, y, and z directions of 25 × 25 × 150 divisions for monolayer, 25 × 25 × 198 divisions for bilayer, and 25 × 25 × 98 divisions for bulk are used for the smooth parts of the potential, charge density, and wave functions. For Mo atoms, a double κ-basis set was used as envelope functions up to f states in the first κ and up to d states for the second κ. The semicore Mo-4p states were included as local orbitals. In case of S atoms, a double κ-basis set was also used but up to d states for the first κ and up to p states for the second. The calculations were converged to the change in total energy less than 10 −6 Ry. The positions of the atoms were relaxed until the maximum force between atoms less than 1 mRy/au.
The QSGW calculations were started from the LDA calculations. They were performed with an 8 × 8 × 2 k-point mesh for monolayer and bulk, while an 8 × 8 × 1 mesh was used for the bilayer. Floating orbitals were added in the big interstitial sites and between the layers to improve the basis set for high energy unoccupied states.
The calculations are performed first in the scalar relativistic approximation and spin-orbit coupling (SOC) is then added by rediagonalizing the double sized Hamiltonian matrices including the GW self-energy correction. Spin-orbit coupling arises mostly from the inner parts of the atom so that this is a good approximation.
III. RESULTS

A. Band structure
As previously reported by Li et al. 13 and also by Lebègue and Eriksson 14 using generalized gradient approximation (GGA) calculations, we also find a transition from an indirect band gap in bulk and bilayer to a direct band gap in the monolayer MoS 2 as shown in Figure 1 . This contrasts the recent G 0 W 0 results by Olsen et al. 15 who found an indirect gap even in the monolayer. The reason for this discrepancy is not entirely clear. Even at the G 0 W 0 level, we find a direct gap in the monolayer, which is 0.2 eV larger than the QSGW result. The difference may result from other technical aspects of the calculations, such as our use of an all-electron method and inclusion of Mo-4p semicore states as local orbitals in the basis set.
Although both bulk and bilayer MoS 2 have indirect gaps, the former's smallest gap is from Γ to Σ min where Σ min is located between K and Γ point, while the latter's gap is from Γ to K. In the case of monolayer MoS 2 the direct gap is located at the K point. In the bilayer, the conduction band minimum (CBM) has already shifted from Σ to K but the valence band maximum (VBM) is still at Γ. From bilayer to monolayer, the VBM shifts from Γ to K. The QSGW results of the interband transitions near the gap, including the SOC effect, are shown in Table I . The indirect band gap of bulk MoS 2 is in good agreement with the experimental values from optical absorption. Our calculations overestimate the direct gap at K by about 0.2 -0.3 eV. The calculated transitions in the monolayer and bilayer are overestimated by more than 0.5 eV compared to the optical absorption measurements. 5 The large overestimation of these transitions in these systems is due to the large excitonic effect in a two dimensional system which will be discussed later in this paper. It is important to point out that the splitting of the valence band maximum of the monolayer at the K-point is purely because of the spin-orbit effect and the lack of inversion symmetry which has been studied earlier 16 . The same splitting for the bilayer is caused by the combination of the interlayer interaction and the spin-orbit coupling effect. Without spin-orbit coupling the splitting in the bilayer and the bulk are 98 and 188 meV respectively. In bilayer and bulk the inversion symmetry combined with time reversal implies Kramers degeneracy of the states, so no spin-splitting. These splittings of 146 meV in the monolayer and 174 meV in the bilayer agree very well with the energy difference between the A and B exciton peaks in the absorption spectrum reported in Ref. 5 . It is worth noting that the CBM at the K-point of both monolayer and bilayer MoS 2 also split but with a much smaller (only 4 meV) splitting due to the SOC effect. We use the Mott-Wannier effective mass theory within the plane. We assume that at the length scale of the exciton Bohr radius, the electron and hole are both confined to z = 0 in the plane. As is well-known, 18 the Coulomb interaction in the plane is then screened by an effective dielectric constant κ = √ ε ε ⊥ with ε , ε ⊥ the dielectric tensor components parallel and perpendicular to the c-axis, respectively. Because the binding energies that result are well above the phonon frequencies, the electronic contribution only is included in the dielec- tric screening. The latter is obtained directly from our QSGW calculations and shown in Table III . The present values do not include local field effects and are obtained as explained in Ref. 19 . We note that they are much smaller than the bulk values. Our values for bulk and monolayer differ somewhat from those given by Molina-Sánchez and Wirtz, 20 which are obtained from a different approach, namely by calculating ∂P/∂E the derivative of the polarization as function of a static electric field within density functional perturbation theory and using Berry-phase theory for the polarization. Both calculations however agree on a strong reduction of the dielectric screening in the monolayer compared to the bulk. We also give the bulk dielectric constants calculated by Reshak and Auluck 21 for comparison. In general, both electron and hole may have an anisotropic mass tensor in the plane with longitudinal and transverse components. However, inspecting the various band-edge effective masses and exciton reduced masses in Tables II we can see that both for the direct exciton at K and the indirect exciton from Γ → K, the mass tensor is very close to isotropic.
The exciton problem in this case reduces to the wellknown isotropic 2D Coulomb problem with energy levels
in terms of an effective Bohr radius and Rydberg: The ground state exciton thus has a binding energy of 4E 0 .
Using the values from Table II and III, the effective Bohr radius is 9.3Å for monolayer and 13.0Å for bilayer. This is not large but still large enough relative to the inplane lattice constant, that the Wannier exciton theory should still be at least approximately applicable. The effective Rydbergs are 0.224 eV and 0.106 eV for monolayer and bilayer, respectively. These lead to the ground state binding energy of 0.897 eV for monolayer and 0.424 eV for bilayer. The optical transitions after adding the excitonic effect are reported in Table IV . From this table, we can see that for the monolayer, the gaps from K v1 to K c and K v2 to K c agree very well with the exciton peaks A and B reported in Ref. 5 . For the same gaps in the bilayer, the calculation results with excitonic effect overestimate the exciton peaks by 0.12 eV. The indirect exciton gap in the bilayer is now slightly underestimated instead of overestimated.
In case of bulk MoS 2 , the exciton binding energy is much smaller than in the monolayer and bilayer, because there is no factor 1/4 in the denominator when compared to 2D case in Eq.(1) and the dielectric constant is much larger in bulk. Essentially, the masses are similar, the dielectric constants increase by a factor 3 but come in squared in the effective Rydberg, so roughly we expect the exciton binding energy to be about 40 times smaller, or of order 25 meV. In fact, in that case, one needs to use the static dielectric constants. This is compatible with our good agreement (to within 0.1 eV) between QSGW gaps for bulk and experiment without any exciton corrections.
IV. DISCUSSION
While our results suggest that exciton peaks A and B are from the spin-split direct transitions at the point K, Olsen et al. 15 explained the same peaks as two distinct strongly bound excitons, one associated with the K point and the other with the minimum in the conduction band at Σ min . In fact, they find the latter to be the conduction band minimum but the lowest direct gap is still at K. There is a saddle point type extremum in the energy band differences between the upper valence band and lowest conduction band near the point Σ min because the valence band also has a minimum near that same point. In the Bethe Salpeter equation (BSE) approach for excitons, used by them, the electron-hole pairs associated with different k-points are allowed to mix but their analysis of their calculated spectrum revealed the lowest exciton peak to be associated with K and the next with one with Σ min . Since in our present calculations the gap is direct and the direct transitions near Σ min lie sufficiently high in the continuum of the bands, it seems unlikely that electron-hole excitonic effects on this saddle point would be sufficiently strong to pull out a separate localized exciton from the bands. Nonetheless it would be of interest to repeat the BSE calculations with the more accurate QSGW band structure as input. The mixing of excitonic effects at different k-points as well as missing polaronic effects could be responsible for the remaining discrepancies of our exciton gaps with experiment. The Wannier exciton theory turns out not be applicable at all to the Σ min exciton. The larger reduced mass, implies a Bohr radius smaller than the in-plane lattice constant and the unusual strongly anisotropic mass, associated with the saddle point structure, would lead to an unreasonably large binding energy.
V. CONCLUSIONS
Our QSGW calculations show that the transition from indirect to direct gap between bulk and monolayer actually already occurs between bilayer and monolayer, in agreement with experiment. 5 We find that the splitting of the A and B excitons is well accounted for by the splittings of the valence bands, which in the monolayer arises purely from spin-orbit coupling. The exciton binding energies however are large for the mono-and bilayer due to the strongly reduced dielectric constants. A Mott-Wannier exciton calculation, although at the limits of its applicability range using our calculated dielectric constants and effective masses, leads to excellent quantitative agreement between theory and experiment for the A and B excitons as well as the indirect exciton in the bilayer.
